CJ10>KHOCTB 33/1a9M yA0BJIETBOPEHNSI
OorpaHUYEeHUAM U €€ Bapualmii

JI.H. XKyk!

Mpmuorue 3amadn, Takue Kak packpacka rpada Win perieHne CUCTeM
JINHEHHBIX YPABHEHU, MOTYT ObITH IPECTABIIEHBI KAaK 33/1a9H YI0BJIe-
TBOPEHUs OI'DAHUYEHUSM I KAKOI'O-TO S3BIKA JIOIYCTHUMBIX OIDAHM-
qennit. [Ipm 3TOM HEKOTOpBIE M3 ITUX 33Ja9 PEMIAIOTCS 3a ITOJUHO-
MHUAJIHOE BpeMsl, & HEKOTOpble saBjsgiorcsds NP-nomabiMu. B 2017 ro-
JIy CJIOKHOCTB 33JIa9M YIOBJIETBOPEHUS OTPAHUICHUSM ObLIa OIMUCAHA
JUIst JTIO00TO SI3BIKA OIPAHUYEHUl, HO OCTAJIOCH MHOTO BAPUAIMIl ITOM
3a/1a9M, JIJIsi KOTOPBIX CJIOXKHOCTDH IIO-TIPEKHEMY Hen3BecTHA. Hampu-
Mep, MOXKHO Pa3peniuTh KpOMe KBaHTOPA CYIIECTBOBAHHUS HCIIOJIb30-
BaTh KBAHTOP BCEOOIIHOCTU WJIM MTOTPEOOBATH, UTOOBI HAIEHHOE pe-
meHne OBbIJIO0 CIOPBEKTUBHBIM WM COAJTAHCUPOBAHHBIM. TaKyKe MOXKHO
moTpebOBaTh, ITOOBI BXOIHBIE JTaHHBIE YIOBIETBODPAIN KAKOMY-TO Ha-
mepeJ 33 IaHHOMY yCJIOBUIO, KAK €CJIM HaM HaJI0 MOKpacuTh rpad B 100
IBETOB, €CJIN U3BECTHO, UTO €ro MOXKHO TOKPaCUTh B 3 1BeTa. B pabdo-
Te MBI 0OCYIUM KaK OOBLIYHYIO 33J1a9y YIOBJIETBOPEHUST OrPAHUIECHUIM,
TaK U CJOYKHOCTH 9THX W HEKOTODBIX JIPYTHMX Bapualuii u 000OIeHni
sroii 3amaqn. KiaroueBbie cioBa: 3amada yI0BI€TBOPEHUS OrPAHITIe-

HUAM, BbIYUC/IATEJIbHAA CJIO2KHOCTh, KBAHTOPpHAaA 3aJa9a yI0BJIE€TBOPE-
HUA OrPaHUICHUAM.

1. Baﬂ;aqa yYAaoBJI€ETBOPEHNA OIr'PpaHUYCHUAM

Sajaua ylIoBjeTBOpeHns orpanndenusM, o anri. Constraint Satisfaction
Problem (CSP), aro maccoBast mpobiema, rjie Ha BXOJ MogaéTest Habop orpa-
HUYEeHWIT U Hy?KHO IPOBEPUTHL MOXKHO JIU IIEPEMEHHBIM COIIOCTABATH 3HAYCHUS
TakK, YTOOBI BCE OIPAHUYIEHNs] BHITOJHAINCE. B obmem ciaydae (Ha KOHETHOM
MHOXKeCTBe) 3aj1a4a siBjistercss NP-110J/1HOii, HO ec/in OrpaHuYUTh MHOYKECTBO
JIOIYCTUMBIX OIPAHUYEHUIT, HAIPUMED, JIMHEHHBIMI yPABHEHUSAMHI, TO 32,1244
perraercsi 3a nojmHoMuaabHoe Bpemsi. Yepes CSP(I) mbr obo3naunM 3a1a4dy
yﬂOBHeTBOpeHI/IH OrpaHuYeHrs CO MHOZKeCTBOM I[OHyCTI/HVH)IX OI‘paHquHI/Iﬁ
I', xoTopy1o MOXKHO cOpMyIupoBaTh Tak. Ha Bxom momaérca dopMysia BH-
ga Ri(...) A+ A Rg(...), e kaxjoe R, — npeaukar u3 MHOXKecTBa I,
a 3a (...) CKpbIBaeTCs MPOU3BOJIbHBI HAOOD MEPEMEHHbIX; HAJIO0 IIPOBEPUTH
BeinosiHIMa Jin popmyita. Emé B 1993 [12] B pabore Pezepa u Bapan 6buia
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BBICKA3aHa TUIIOTE3a, YTO JJIsi JIFOOOT0 sI3bIKa JIOMYCTUMBIX OI'DAHUYEHUN 3a-
Jada Jinbo penraeTcs 3a IOJTMHOMHUAIBHOE BpeMs, Jin0Oo sBjsiercss NP-mosHoii,
U JIOJITO€ BpPEMsi UMEHHO 3Ta IpoJieMa OblLjla OCHOBHOW B 3Toi obsactu. B
2017 romy sTa rumoresa ObLIa JOKa3aHA He3aBUCUMO AHJpeeM BysraToBbiM
un Jimurpuem 2KykoM, Ipu 3TOM KJIaCCUPUKAIMS S3bIKOB OIPDAHUYEHUN 110
CJIOZKHOCTHU OKAa3aJIaCh COBCEM IIPOCTOH M MOXKET OBITh CHOPMYJIHPOBAHA B
TepMUHAX (DYHKIUH, COXPAHSAIOMNUX TPEJIMKAT.

Oyukimio [ OyaeM HAa3bIBaTH CJ1ab0N DYHKIHEH TOITH-€IMHOTJIACHST, €C-
JI OHA YJIOBJIETBOPSIET CJIEIYIOIIUM TOXKIECTBAM

fly,z,....z) = f(z,y,z,...,2) = = f(x,z,...,2,9).

B kauecrse mpumepa c1aboii pyHKIMU €IMHOIIACAST MOXKHO PacCMOTPETD
00y KOHCTaHTY, =V Y,  +y + 2z, xy V yz V xz, min(z,y) 1 T.1.

Teopema 1. [6, 7, 16, 15] [Iycmo I' — koneunoe muosicecmso npedukamos
ra koneurnom mroocecmee A. Tozda CSP(I') pewaemcsa sa noauromuansroe
8peEM, ecAU Hatdemcsa caabas GYHKUUA NOUMYU e0UHO2AACUL, KOMOPASA CO-
xpansem xaorcood npedukam ud I'; CSP(T) asasemcsa NP-noanot 6 ocmans-
HOLT CAYYAAL.

2. ,Z[OHOJIHI/ITGJILHOG rJI00aJibHOE orpaHu4eHue

OpHoit ux Bapualeil OOBIYHON 38129 YIOBJIETBOPEHNST OTPAHNIEHUSIM MO-
KeT ObITh jobaBjieHue TJI00AJILHOTO orpaHudeHusi. Hampumep, Mbl MOXKEM
noTpebOBaTh, 9TOOBI pelleHne ObLIO CIOPHEKTHBHBIM (COMEPIKAIO KaZKIIbIi
ssieMenT MHO)KecTBa A)|1] nim chamancupoBaHHBIM (KaXK JIblii 9JIEMEHT BCTPe-
qajicst ObI OJIMHAKOBOE KOJIMIecTBO pa3) [11].

IIpoGuema 1 Kakosa caooicnocmv CSP(x + y # 2) na mmoorcecmee
{0,1,2}, ecau mpebyemes natimu cropsexmusroe pewenue?

IIpoGuema 2 Kaxosa caoorcnocmos CSP(x < y) na {0,1}, ecau mpeby-
emea Hatmu coaaHcuposarHoe pewenue?

Herpymuo naliTu TpuBHAJILHOE PENIeHUE T] = To = - = Ty = 0 Jjd
KaXKJION M3 HUX, HO KaK [IPOBEPUTH, 9TO €CTh CIOPbEKTUBHOE MU COATaHCH-
pPOBaHHOE pelleHne. YIUBUTEIHHO, HO KK /1asl U3 9TUX JIBYX 38189 SBJIAETCS
NP-rpyanoit [1, 11|, To ecTh JOIOJHATE/LHOE OIPDAHUYEHHE JIeJIAeT TPUBU-
AJBHYIO 33/1a9y CJIOKHOM. [Ipu 9TOM CJI02KHOCTD 9TUX 33129 B OOIIEM CJIydae
0CTaeTCs OTKPBITOM 1pobJtemoit [17].

IIpoGuema 3 Kaxosa caootcnocms CSP(T) das npouseoavrozo sasvika
oeparuvenut I, ecau nam nyotcno natimu cropsexmuenoe pewenue?

IIpoGuema 4 Kaxosa caoorcnocms CSP(T) das npouseoavrozo sasvika
oeparuvenut I, ecau Ham mystcno matimu cOGAGHCUPOBAHHOE PelueHUe ?



Pacemorpum sipyroit npumep wa muoxkectse {0, 1}. Mbi 3Haem, 9o cucre-
Ma JIMHEHHBIX ypaBHEHU B 1oJie Zo pelraeTcs 3a MOJUHOMUATBLHOE BPEMSI.
A uTo ecim MBI HOOABUM IJI0OAIBLHOE OIPAHUYEHHUE, UTO CYMMa BCEX Iepe-
MeHHBIX paBHa k. OKa3bIBAETCsI, ITO B 3TOM CJIydae 3ajada craHopuTcs NP-
rpyauoit [11]. Ho, Hanpumep, CjIoKHOCTB cJieyromneil 3a/a4u 0 CUX Hop
HemsBecTHa [4].

IIpoGaema 5 Kakosa cA0diCHOCY PEULEHUA CUCTEMbYL NUHETHVLT YPa6-
nerutd no modyao 2 6 {0,1} ¢ 0dnum donosnumervrvim YpasHeHuem no Mo-
dyaro 247

3. KBaHTOpHaH 3aJa49a YAOBJIETBOPEHUA Or'paHUve-
HNAM

O6bluHast 3aj1a9a yJJ0BJIETBOPEHUsT OIPAHUIECHUSIM MOXKeT ObITh chopMyIn-
POBHA KAK NPOBEPKA MCTUHHOCTH yTBEPKJIEHHs, IJIe 10 BCEM MEPEMEHHBIM
JI0GaBJIEHBl KBAHTOPBI CYIIECTBOBaHUs. FEC/m paspenmTs UCloib30BaTh J0-
[OJIHUTEJILHO KBAHTODP BCEOOIIHOCTH, TO HOJIyYUTCs KBAHTOPHAS 331448 Y10
BJIeTBOpeHus orpanndenusmM (no anri. Quantified CSP) [3, 9, 10, 14]. s
Ipou3BOJILHOrO MHOXKecTBa npeaukaros [ uepes QCSP(I') oboznaunm 3a1a-
9y, B KOTOPOii Ha BXOJI IOCTYIIACT yTBEPK/ICHUE BH/IA

Vaei13yy ... Ve Jy, Ri(c..) A~ ARs(...),

rme Bce nmpenukaTel R; n3 I'; mago mpoBepuTh BepHO Jin yTBepKIaeHue. 13-
BECTHBI Cjieyforue (hakTh:

e Ecsu I cocront n3 nuueitHbx ypaBHeHuii B mosie, To 3agada QCSP(T)
pelaeTcst 3a MOJINHOMHUAIBHOE BpeMst [3].

e Eciiu T’ cocrour u3 Beex npepukaros, To 3agada QCSP(T') siBiasiercs
PSpace-nosoii [3].

e Cymecrytor si3biku I, jyist Koropeix 3ajada QCSP(T") ssisiercst NP-
nosoit, coNP-nosmoit, DP-miosmmoit, m ©F -mosmoit [18].

e Jlmst mroboro I' HA TpexsTeMeHTHOM MHOXKECTBE, COIeprKallleM Bce Impe-
JquKaThl Buga x = a, 3agada QCSP(T) smbo perraercst 3a moJmHOMU-
ajbHOe BpeMs, jubo sapisercsa NP-momoit, mmbo coNP-morHoit, 6o
PSpace-niosmoit [18].

Takum 06pa30M OCTA€TCsI OUeHb MHOI'O OTKPBITBIX BOIIPOCOB!

IIpobaema 6 Kakxue KAaCCbl CAOHCHOCTNU MO2YM OBIMb GHLPAACEHDL KAK
QCSP(T") daa warxozo-mo I'?



IIpobaema 7 Kakosa caoorcrocms 3adauu QCSP(T) das npoussoavrozo
I' na mpexaremenmuom mmoscecmee?

IIpobaema 8 /Jlaa xaxuzr I' 3adaua QCSP () pewaemces 3a noauromu-
anrvroe epema?

4. 3agada yJI0BJIETBOPEHNSI OTPAHNYEHUSIM C obelra-
HUASIMU

EcrecTBennbiM 00001IeHIE 38,191 YIOBJIETBOPEHNST OIPAHUICHUSIM SBJISIE€T-
csl 33J1a9a YJI0BJIETBOPEHHsI OPAHUIEHHsIM ¢ oberanusivu (1o auri. Promise
CSP) [5, 8]. Buechb ecthb B Bepcuu KaxKJOTo IIpeuKaTa — CHIbHAsI U CJia-
bast — m HaM J1aércst obermaHue, ITo JUOO CUJIbHAsI BEPCHUsi BBITOJTHSIETCH,
b0 maxke caabast He BBINOJTHsIETCS. B KadecTBe mpuMepa pacCMOTPHUM SI3BIK
orpannvennii Ha MuoxkecTBe {0, 1} cocrosmumii U3 OJHON TAPHI IIPEJIUKATOB
(1IN3,NAE), rie cuibnbiii npeaukar 1IN3 = {(1,0,0),(0,1,0),(0,0,1)} u
cnaberit mpemukar NAE = {0,113\ {(0,0,0),(1,1,1)}. B sTom caydae Ha
BXO/I TIO/IAETCsI JiBe (DOPMYJIbI, KOTOPbIE OTIUYIAIOTCS TOJIHKO 3amenoit 1INJ
na NAE. Hanpumep 310 MOryT ObITh (DOPMYJIBI

1IN3(x1, x2, x2)A1IN3(x3, x1, £4) A 1IN3(21, 24, 2),
NAE(z1, z2, x2) ANAE(x3, x1, 24) A NAE(21, 24, x2).

[Tpu sToM HaM 06emArOT, YTO JINOO 06€ POPMYJIbI BBIIOJIHUMBI, U060 06€e (hop-
MYJIBI HEBBITTOJTHUMBI; HaM HAJI0 TPOBEPUTH BBIIIOJTHUMBI JTH OHU. Y IUBUTE b~
HO, HO HecMOTps Ha To, 4To 3agadu CSP(1IN3) u CSP(NAE) sasisorcs NP-
[IOJTHBIMY, JIAHHAsI 3aJ1a9a YIOBJIETBOPEHUs] OTPAHUYEHUSIM C OOEIaHUsIMU
pelaercs 3a MOJMHOMUAJIBHOE BpeMsi. 1eM He MeHee, JIaXKe Ha JBYXIJIEMEHT-
HOM MHOKEeCTBe U OJIM3KO HET OIUCAHUS CJIOKHOCTHU 3a/Ia9U YIOBJIETBOPEHUST
OrpaHUYEHUSAM C OOEIIAHUSAMU JJIst IPOU3BOJIBHOTO SI3bIKA OI'DAHUYEHUI.

ITpobsiema 9 Kakxosa caooicrocms 3adaywu Yyoo8AEMBOPEHUSA 02DAHUYEHU-
AM € 00EWAHUAMY OAA NPOUSBOALHOL0 A3VIKG 02PAHUYEHUT HA MHOHCECNEE
{0,1}7

[Toxkastyit camoii Oy ASIpHON 3aa4uell YI0B/JIeTBOPEHNsT OTPAHUIEHUAM C
obermanusiMu siBjsieTcst 3aja4a o (k, [)-packpacke rpada. Ouna dpopmynupyer-
cs tak. dan rpad, n HaM gaHOo oberanne, ITo IO ero MOXKHO MOKPACUTH B
k uperoB, b0 HeJb3s Jaxke B [ 11BeToB. Ha to 0OTBETUTD Ha BOIIPOC MOXKHO JTU
€ro MOKpacuThb B k 1npeToB. /IpyruM BaprmaHTOM 3TOM 331891 SIBJISIETCS 3318~
4a 0 moKpacke rpada B [ 1BETOB, €CJIN U3BECTHO, 9TO €r0 MOYKHO ITIOKPACUTH B
k 1BeTOB. YIMBUTEJIBLHO, HO U3 3/1€Ch y HAC CIILIOIIHBIE OTKPHITHIE BOIIPOCHI,
XOTsl BCE U YBEPEHBI, UTO st Jo0biXx 2 < k < [ 3amada o (k,l)-packpacke
rpada gasisiercst NP-1mroHOik.



CoBcem HesaBHO 6bLIO TIOKa3aHo [8], uro 3amada sisiasiercss NP-TpyiHoii
ang | = 2k — 1w k > 3, HO HanpuMep OTKPBITHIMEU OCTAIOTCS CJIEIYIOIIe
BOIIPOCHL.

IIpo6aema 10 Kakosa caoorchocms (3, 6)-packpacku epaga?

IIpobaema 11 Kaxosa caoorcnocms (3,100000000)-packpacku epagda?

5. /Ilpyrme Bapmaliuu 3a71a4u y/IOBJIETBOpPEHUS Orpa-
HUYEHUAM

Kpome paccMoTpeHHBIX BbIIE BapHalluii CyIiecTByeT MHOTO Japyrux. Hampu-
Mep, MbI MOYKEM ITOTPEOOBATD, ITOOBI KaXK 1ast IepeMeHHast B (hopMyJie BCTpe-
Jajach POBHO JBa Pa3a, TOTJIA MbI MIOJIYIUM TaK HA3bIBAEMYIO PeOEpHYIO 3a-
Jady yjoBseTBopennsi orpanndenusM (mo anri. Edge CSP), tak kak oHa
9KBUBAJIEHTHAS TOMY, 9TO IIePEeMEHHbIe y HAC HaXOAdTCsd B pedpax rpada,
a orpanmdenusi B BepmuHax [13]. MoxHO paccmarpuBarh JaHHbIE 3a/a4K
Ha GECKOHEYHOM MHOXKeCTBe [2|, rjie y»Ke BO3HHKAET BOIIPOC KaK 3a/1aBaThb
A3bIK OIPAHUYEHU, & JijIsl HEKOTOPBIX A3BIKOB MOXKHO IIOJIYUYHUTDh JaXKe aJjiro-
PUTMUYIECKH HEPA3PEITUMYIO 3aa9y. DTOT CIUCOK MOYKHO ITPOJOJIKATD eIl
JIOJITO, 9TO JA€T HAM OOJIBIIIOE KOJMIECTBO OYEHDb JIOOOIBITHBIX OTKPBITHIX
BOIIPOCOB.
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Complexity of the Constraint Satisfaction Problem and its
variations

Zhuk D.N.

Many combinatorial problems, such as graph coloring and solving
of linear equations, can be expressed as the constraint satisfaction
problem for some constraint language. Some of these problems are
solvable in polynomial time, while others are NP-complete. In 2017 the
complexity of the constraint satisfaction problem was described for any
constraint language on a finite set, but there are many other variants
of this problem whose complexity is still not known. For instance, we
could allow to use both universal and existential quantifiers, or require
the solution to be surjective or balanced. Another variant is to require
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the input to satisfy an additional condition. As an example we could
consider the problem of coloring a graph in 100 colors if we know that
the graph is colorable in 3 colors. In the paper we discuss the usual
constraint satisfaction as well as the complexity of these and other
variants of the constraint satisfaction problem.

Keywords: constraint satisfaction problem, computational complexity,
CSP, quantified CSP.
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