ITony4denune BepxHeil olleHK Ha
XpoMaTuideckoe 4mncjio rpadoB 3a1aHHOI
TOJIIIIUHBI 1 00XBaTa

Aunos C.II1.

Hammast paboTa TMOCBSIIEHa N3y IeHIIO CBOMCTB rpadOB ¢ 33 JaHHbI-
MU ITapaMeTpaMy TOJIUHGI 1 oOxBara. [IpuBeena BepxHsisa OleHKa HA
XpOMATHUYIECKOe YHMCJI0 TpaoB, 3aBUCIIAS OT TOJIUHBI k 1 obxaBa-
Ta g, tne k > 1 u g > 3. B wactHOCTH, /1 OUILJIAHAPHBIX T'PAdOB C
obxBaroM He MeHee 10 J0Ka3aHa 5-pacKpalnBaeMoOCh.

KirouyeBbie ciioBa: XpoMaTHIECKOE YUCI0, 0OXBAT, TOJIIMHA, [L1a~
HapHBI rpad, OunIanapHelil rpad.

BBenenue

Bormpoc Haumunst cBsizeit MeXK 1y 0OXBATOM M XPOMATHIECKUM THCJIOM ITPOM3-
BOJIbHBIX I'padOB OBbLIT M3yU€H BEHIePCKUM MaTeMaTukoM [lajiom Dpuérem,
KOTOPBII, UCIIOJIB3YsT BEPOSITHOCTHBIN METOJ, JOKa3aJjl, UTO JJIsl JTFOOBIX I0-
JIOXKUTEJBHBIX [ U 7 CylIecTByeT rpad ¢ 00XBaToM ¢ > | M XpPOMATHIECCKUM
aucsiom X > . [1| Apyrumu cooBamu, cymiecTByOT rpadbl CO CKOJIb YIOJI-
HO DOJIBIIUME OOXBATOM M XpoMaTudeckuM qucjiaoM. OHako, KaK U3BECTHO,
J1st TIaHapHBIX TpadoB (rpadoB ¢ TosmuHoil 1) nMeeT MecTo aHATUTUIECKH
JIOKa3aHHas TeopeMa XUBYJia, COTJIACHO KOTOpOil Takue rpadbl JOIMyCKaOT
IPaBUJIbHYIO PACKpPacKy B 5 1seros.[2] Eciu ke rpadbl npu sToM He comep-
JKaT TPEYrOJIbHUKOB (TOJIMHA paBHa 1 u o6xBaT He MeHee 4), TO 10 Teope-
me I'pérua (I'pérma) BepHa ux 3-packpaimbaeMoctb. [3| st mponsBosibHBIX
OurraHapHBIX rpadOB, TO €CTh IPAdOB ¢ TOIIUHON 2, TOKA3aHO, ITO UX XPO-
MaTuaeckoe ancyio He npesocxogut 12.[4] Kak Bbisicauiocs B crarbe [5], 9Ta
OIleHKa yJIydIlaeMa Jio 8 st OUITaHAPHBIX I'padoB, HE COIEPIKAIINX Tpe-
yroJibHUKOB. Takum o6pa3oM, mIpaBujbHAsS PACKPACKa MOXKeT ObITh CBsS3aHA
C TaKAMHU ITapaMeTpaMH, KaK TOJINHa u obxBaT. JlamHast paboTa MOKa3bI-
BaeT OOIIYIO OIEHKY XPOMATHYIECKOTO 4ucja rpadoB ¢ Tojimmuol k > 1 u
obxBaToM g > 3.
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OcHoBHBIE olrpedeJieHnA

B crarhe paccmaTpuBaioTcst OOBIKHOBEHHBIE TIpadbl, TO €CTb KOHEUHbBIC
HEOPUEHTUPOBaHHbIE Tpadbl 0e3 MmeTejib 1 KPATHBIX pebep.

Ounpenenenne. 'pagom G naswiBaercs napa (V, E), tne V — xoneunoe
HEILyCTOE€ MHOXKECTBO U E — MHOXKECTBO HEyHOPSAIOYEHHBIX AP PA3JINIHBIX
971eMeHTOB 3 V. DjeMeHTsl V' HA3BIBAIOTCS 8epULUHAMU Tpada, SJEeMEHTHI
E — pebpamu. (n,m)-epagom Gynem HaspiBarh rpad ¢ n BepIIMHAMU U M
pebpammn.

Onpenenenne. Iliockum epagom HasbiBaeTca n3obparkenue rpada Ha
IJIOCKOCTH, IIPAYEM BePIIMHAM rpada cormocTaB/ieHbl TOUKU Ha IIJIOCKOCTH, &
pebpaM — KyCOUHO TJIaJIKe JIMHUU, COEMHSIONINE COOTBETCTBYIOIIIE BEPIITH-
HBI TaK, YTO HUKaKHUe jJBa pedpa He UMEIT ODIIUX TOYEK, KPOME KOHIIEBBIX
BEPIIIHH.

Onpenenenne. ['panvio HA3BIBAETCA 00J1aCTh, OIPaHUIeHHas pedpamu
B ILIOCKOM rpade U He cojepzkalias BHyTpHU cebsi BepiinH u pebep rpada.
Ojina u3 rpaseil He orpaHUYeHa U HA3bIBACTCHA GHEWHEY I'DAHDBIO, a OCTAJIb-
HBIE — BHYMPEHHUMU TPaHSIMU. | panuyet epary, OYJIeM CINTaTh MHOXKECTBO
BepIuH U pebep, NPUHAJIEKAIIIX ITOH IPAHHU.

Omnpenenenune. ['pad HasbIBAETCS NAGHAPHLIM, €CJIA OH IPEICTABUM B
BH/IE ILJIOCKOTO T'pada.

Onpepenenne. [lycrs G = (V, E) — nekoropslii rpad, r — HaTypasbHOe
qncyo. [pasusvhoti sepuwunnoti r-packpackoti Tpada G Ha3BIBAETCS TPOU3-
BosbHas yuknus suga f @ V. — {1,... 7} rakas, aro f(u) # f(v) mua
JEOOBIX CMEXKHBIX BEPINUH u U v. Xpomamuueckum wucrom X(G) rpada G
Ha3bIBAETCS HAUMEHBIIIEE 1, JJIst KOTOporo G MMeeT MpaBUJIbHYIO BEPITUHHYO
r-PacKpacky.

Onpenenenune. Toruuna rpada G ecTb HANMEHbIIIEE YNUCIIO ITAHAPHDBIX

noarpadoB, obbeIuHEHNE KOTOPHIX daeT G.

Omnpegenenne. I'pad G = (V, E) naswiBaercs Ounaanaphvim (06y-
NAGHAPHBLM), €CJIH €r0 TOJIIIUHA PAaBHA 2, TO eCTh CYIIECTBYIOT IoArpadbl
Gy = (1, Eq), Gy = (Vi, E») rpada G takue, uro G1,Ge - 11aHapHble U
G = (Vl U Vo, B} UEQ).

Onpenenenune. Obxsamom rpada Ha3BIBAETCS MUHUMAJbHAS U3 JJTUH
€ro IUKJIOB.
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BcnomorarespHbIe yYTBep2XKaeHnd

JIemma 1. ITycmo G — naanaproti (n, m)-epagd ¢ obzeamom g. Tozda cnpa-
6€0AUB0 HEPAGEHCEO:!

m<g

< g?(n —2).

Hoxazameavcmeo. Ilycts f — amcio rpamneii mmockoro n3obparkenus rpada
G. Kaxoe pebpo rpada G, He siBiisiionieecst MOCTOM (pebpoM, He coJleprKa-
IOIMUMCST HE B OJTHOM IHKJIE), IPUHAJJIEXKAT JBYM I'pansM. Besikasg rpadb
orpaHmYeHa 10 KpaiiHeil Mepe ¢ pebpamu. OTCIOJa MOIYyIUM OLEHKY CHU3Y
yABOEHHOTO 4ncJia pedbep rpada G, TO ecTh

gf <2m.
Tak kak G — mianapublii rpad, crpasemuBa opMmysta Ditrepa:
f=m—-n+2

[Tonyanm

gm—n+2) <2m <= mg%(n—m.
g—
O

JIemma 2. Jlaa mobozo (n, m)-epaga ¢ moawunot k u obreamom g cnpa-
6€0AUBO HEPAGEHCNEO

kg
< 7 _(n—9).
m_g_Q(n )

Aoxasamenvcmeo. Nnmeem G := G1 U Ga U ... UGy, rae G — mnanapnble
n;,m;)-rpadsl, j = 1, k. Coryracuo yiemme 1
3> j)-I'P J

[Tosryanm

k
m§m1—|—m2—|—...+mk§7g2(n—2).

O]

Jlemma 3. B awbom epage ¢ moswunot k u ob6reamom He menee g cyuie-

2kg
cmeyem eepwuna cmenenu ne boaee d = 5| 1.
g —_—
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Hoxazameavcmeo. llpenmnonoxum obpaTHOe: cTeleHb JII0O0 BEPIINHBI Ta-
Koro rpada ne menbine d + 1. Torga nmeem 2 HepaBeHCTBA:
TaK KaK I10 IPEII0I0KEHIIO0 KaXKI0i BepIInHe MHIIMICHTHB He MeHee d + 1
pebep,
2m > (d + 1)n,
¥ COIJIACHO JieMMe 2
kg
m< —2
g—2

OObeIMHUB HEPABEHCTBA, ITOJTIY IUM

(n—2).

kg 2kg 2kg 2kg
(d—l—l)n<2-g_2(n—2)<:>[9_2-‘12<g_2(n—2)<[ 2-‘(71—2).

[Toryuennoe HepaBeHCTBO N < n — 2 He uMmeeT pemternii. [Iporusopeune. [

OcHoBHBIE pPe3yJabTaTbl

Teopema 1. Jloboti epagd ¢ moswunoti k u obxeamom ve menee g donyckaem
2kg

npasuAvbHYo Packpacry He boaee vem 6 X = ’72-‘ UBEMOE.
qg—

Loxazameavcmeo. IlpuMeHNM WHIYKIMIO IO KOJAYeCTBY BepimmH n. Oue-
BHUJIHO, 9TO Takoil rpad ¢ n < ¢ BepIIMHAME SIBJIAETCA JIMOO JIECOM, JINOO
UKJIOM JJIUHBL ¢. Jlec packparmuBaercst B 2 1[BeTa, MUKJI — B 3. A IIOCKOJIb-
Ky 1pu Jitobbix kK > 1u g > 3

2 2k(g —2) +4 4
= = = [ s
g—2 g—2 g—2

TeopeMa BepHa.

[IycTn Teopema BepHa jy1st rpadoB ¢ n > ¢ BepimHamu. CorjaacHo JemMme
3 HailJleTcs BepIuHa cTelleHu He Oosiee Y — 1. Yjgasmm 3Ty BepIIMHY U BCe
UHIUIeHTHBIE eif pebpa. [1o mpemrnonokeHuio HHYKIINH 10Ty YeHHbI rpad
JIOITyCKAeT MPaBUJIbHYIO pacKpacKy He 6ojiee ¥em B X 1BeToB. [lobaBus ymua-
JIEHHYIO BEPIIUHY U BCE MHIMJEHTHBIE eil peOpa obpaTHO, HOJIyduM, 49TO ee
TO2KE MOXKHO PACKPACUTDb B XYJIIIEM CJIydae B OIMH U3 X IBETOB, IIOCKOJIBLKY
Bce cMexKHble X — 1 BepuHbl MOryT uMeTh X — 1 nBeros. Teopema jokaza-

HA. O

Caencreue 1. Caedyrouas mabauya nokasvi8aem cea3b o0reama u Tpo-
MAMUYECKO20 YUCAG OUNAGHAPHBLT 2PaPos:
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OobxBar 3 14151]16,7,89|>10

Bepxuss omnenka xpomaTndeckoro ymncia | 12 | 8 | 7 6 5

3akJro4yeHmne

[Tosryaennbie pe3yabTaThl 0000MIAIOT OIMEHKH XPOMATHIECKOT0 9rCIa IpadoB
[IPOU3BOJIBLHOI TOJIIUHBI U 0OxBaTa. OJHAKO MTOJIyYeHa JIUIh OIEHKA CBEP-
Xy U B psijie CJIIyuaeB OHA OKa3bIBAETCs 3aBBIIIEHHOM, TAK KaK CYyIIEeCTBYIOT
boJiee cusbHBIE yTBepXKjieHusi. Hamnpumep, ntpu kK = 1 u g = 4 nojydnm
aHapHbIi rpad 6e3 TpeyrosbHuKOB. CoriacHo Teopeme 1 Takue rpadbr 4-
pacKpaIlmBaeMbl, B TO BpeMs Kak 110 Teopeme ['pédya xpoMarudeckoe Iucjo
IJIAaHAPHBIX I'padoB 63 TPEyroJbHUKOB PaBHO 3, KaK yKe OBLIO OTMEYEHO
BO BBejieHNH. TakuM 00pa30M, CTAHOBUTCH aKTyaJbHBIM BOIIPOC YJIyIIIa€MO-
CTH OLEHKHM XPOMaTHYECKOro Yucja rpadoB ¢ (UKCUPOBAHHBIMU TOJIIIIITHOM
u obxsarom. st caydass k = 2 u g = 4 B crarbe [5| nokazana HUKHsS
OLIEHKAa B D I[BETOB.
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An upper bound for the chromatic number of graphs with given
thickness and girth
S. Sh. Adilov

The thickness of a graph G is the minimum number of planar graphs
whose union is G. In this paper, we consider an upper bound for the
chromatic number of graphs depending on thickness k& and girth g,

where k > 1 and g > 3. In particular, for biplanar graphs with girth at
least 10 we obtain 5-colorability.

Keywords: chromatic number, girth, thickness, planar graph,
biplanar graph.
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